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ALMOST H-CONFORMAL SLANT SUBMERSIONS FROM
ALMOST QUATERNIONIC HERMITIAN MANIFOLDS
KWANG-SOON PARK AND JEONGHYEONG PARK
Abstract. We introduce the notions of h-conformal slant submersions and al-
most h-conformal slant submersions from almost quaternionic Hermitian man-
ifolds onto Riemannian manifolds as a generalization of Riemannian submer-
sions, horizontally conformal submersions, slant submersions, h-slant submer-
sions, almost h-slant submersion and conformal slant submersions.
We investigate several properties of these including the integrability of dis-
tributions, the geometry of foliations and the conditions for such maps to be
totally geodesic. Further we give some examples of such maps.
1. Introduction
One of the most significant works on Riemannian submersions was introduced
by B. O’Neill [24] in 1966. Building on this work, B. Watson [33] introduced
the notion of almost Hermitian submersions in 1976. In this study, he investigated
several differential geometric properties between base manifolds and total manifolds
as well as fibers.
In addition, during the 1970s, as a generalization of Riemannian submersions, B.
Fuglede [10] and T. Ishihara [18] introduced a horizontally conformal submersion.
Later in 1997, S. Gudmundsson and J. C. Wood [16] developed conformal holo-
morphic submersions between almost Hermitian manifolds. And they found the
condition for a conformal holomorphic submersion to be a harmonic morphism.
This work was further developed by B. Sahin [30] when he defined a slant sub-
mersion from an almost Hermitian manifold onto a Riemannian manifold in 2011.
This development led him to obtaining several properties including the integrabil-
ity of distributions, the geometry of foliations, the conditions for such maps to be
harmonic or totally geodesic as well as decomposition theorems.
Related work was conducted by Park [25] in 2012, with the generalization of a
slant submersion from an almost Hermitian manifold, introducing the concept of an
h-slant submersion and an almost h-slant submersion from an almost quaternionic
Hermitian manifold.
In 2017, M. A. Akyol and B. Sahin [3] defined a conformal slant submersion from
an almost Hermitian manifold onto a Riemannian manifold.
If we consider a Riemannian submersion with some additional conditions, we get
many different types of submersions: An almost Hermitian submersion [33], a slant
submersion [8, 30], a semi-slant submersion[29], a quaternionic submersion [19], an
anti-invariant quaternionic submersion and an anti-invariant octonion submersion
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[13], a horizontally conformal submersion [15, 7], a conformal anti-invariant sub-
mersion [2], an h-conformal semi-invariant submersion and an almost h-conformal
semi-invariant submersion [28]. We also refer [12, 26, 31, 22, 27].
The Riemannian submersions have had several applications in physics through-
out the years. These have included use as inputs to the Yang-Mills theory [6, 34],
Kaluza-Klein theory [20, 5], supergravity and superstring theories [21, 23]. Further-
more, the quaternionic Ka¨hler manifolds have been applied for nonlinear σ−models
with supersymmetry [9].
This paper has been structured as follows. In section 2 we review several notions,
which are required in the following sections. In section 3 we introduce the notions
of h-conformal slant submersions and almost h-conformal slant submersions and
investigate several of their properties: the geometry of foliations, the integrability
of distributions, the harmonicity of such maps and the conditions for such maps to
be totally geodesic and some others.
In the final section 4, we provide some examples of h-conformal slant submersions
and almost h-conformal slant submersions.
2. Preliminaries
In this section we review several important concepts required for the following
sections.
Let (M, gM ) and (N, gN) be Riemannian manifolds. We say that a smooth
surjective map F from (M, gM ) to (N, gN ) is a Riemannian submersion if
(i) the differential (F∗)p is surjective for any p ∈M ,
(ii) for any p ∈ M , (F∗)p is an isometry between (ker(F∗)p)⊥ and TF (p)N , where
(ker(F∗)p)
⊥ is the orthogonal complement of the space ker(F∗)p in the tangent
space TpM of M at p [11, 14, 24].
The map F is said to be horizontally weakly conformal [7] if it satisfies either (i)
(F∗)p = 0 or (ii) (F∗)p is surjective and there exists a positive number λ(p) > 0
such that
(2.1) gN ((F∗)pX, (F∗)pY ) = λ
2gM (X,Y ) for X,Y ∈ (ker(F∗)p)⊥,
at any point p ∈M . In the event that the map is applicable only at a certain point
p, then it is called horizontally weakly conformal at p. If it holds with type (i) then
the point p is called a critical point, similarly if it holds with type (ii), we call the
point p a regular point. Further, the positive number λ(p) is called a dilation of F
at p. A horizontally weakly conformal map F is said to be a horizontally conformal
submersion if F has no critical points.
Let F : (M, gM ) 7→ (N, gN ) be a horizontally conformal submersion.
Let V be the vertical projection (distribution) and H the horizontal projection
(distribution).
The (O’Neill) tensors T and A were defined by
AEF = H∇HEVF + V∇HEHF(2.2)
TEF = H∇VEVF + V∇VEHF(2.3)
for E,F ∈ Γ(TM), where ∇ is the Levi-Civita connection of gM ([24, 11]). Then
we easily obtain that
(2.4) gM (TUV,W ) = −gM (V, TUW )
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(2.5) gM (AUV,W ) = −gM (V,AUW )
for U, V,W ∈ Γ(TM).
We define ∇̂UV := V∇UV for U, V ∈ Γ(kerF∗).
Let F : (M, gM ) 7→ (N, gN ) be a smooth map. Then the second fundamental
form of F is provided by
(∇F∗)(X,Y ) := ∇FXF∗Y − F∗(∇XY ) for X,Y ∈ Γ(TM),
where ∇F is the pullback connection and ∇ is the Levi-Civita connection of the
metrics gM and gN [7].
We note that if the tension field τ(F ) := trace(∇F∗) = 0, then F is called a
harmonic map and if (∇F∗)(X,Y ) = 0 for X,Y ∈ Γ(TM) then F is called a totally
geodesic map [7].
Lemma 2.1. [32] Let (M, gM ) and (N, gN ) be Riemannian manifolds and F :
(M, gM ) 7→ (N, gN ) a smooth map. Then we obtain
(2.6) ∇FXF∗Y −∇FY F∗X − F∗([X,Y ]) = 0
for X,Y ∈ Γ(TM).
Remark 2.2. By (2.6), the second fundamental form ∇F∗ is shown to be symmetric.
Additionally we obtain
(2.7) [V,X ] ∈ Γ(kerF∗)
for V ∈ Γ(kerF∗) and X ∈ Γ((kerF∗)⊥).
Proposition 2.3. [15] Let F : (M, gM ) 7→ (N, gN ) be a horizontally conformal
submersion with dilation λ. Then we get
(2.8) AXY = 1
2
{V [X,Y ]− λ2gM (X,Y )∇V( 1
λ2
)},
for X,Y ∈ Γ((kerF∗)⊥), where ∇V is the gradient vector field in the vertical dis-
tribution V ⊂ TM which is expressed by ∇Vf =
m∑
i=1
Wi(f)Wi for f ∈ C∞(M) and
a local orthonormal frame {W1, · · · ,Wm} of V, where m = dimV.
Proposition 2.4. Let F : (M, gM ) 7→ (N, gN ) be a horizontally conformal submer-
sion. Then we obtain
(2.9) TVW = TWV
for V,W ∈ Γ(kerF∗).
Proof. Given V,W ∈ Γ(kerF∗) and X ∈ Γ((kerF∗)⊥), we obtain
gM (TVW,X) = gM (H∇VW,X) = gM (H(∇WV + [V,W ]), X)
= gM (H∇WV,X) = gM (TWV,X),
which implies (2.9). 
Remark 2.5. Considering (2.8), for a horizontally conformal submersion F , AXY =
−AYX generally does not hold for X,Y ∈ Γ((kerF∗)⊥).
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Lemma 2.6. [7] Let F : (M, gM ) 7→ (N, gN ) be a horizontally conformal submer-
sion with dilation λ. Then we get
(∇F∗)(X,Y ) = X(lnλ)F∗Y + Y (lnλ)F∗X − gM (X,Y )F∗(∇ lnλ)(2.10)
for X,Y ∈ Γ((kerF∗)⊥).
Let (M, gM , J) be an almost Hermitian manifold, where J is an almost complex
structure on M . A horizontally conformal submersion F : (M, gM , J) 7→ (N, gN ) is
called a conformal slant submersion [3] if the angle θ = θ(X) between JX and the
space ker(F∗)p is constant for nonzero X ∈ ker(F∗)p and p ∈M .
LetM be a C∞-manifold of dimension 4m and let E be a subbundle of End(TM)
such that given p ∈ M with a neighborhood U , there exists a local basis {I, J,K}
of sections of E on U such that
(2.11) I2 = J2 = K2 = −id, IJ = −JI = K.
Then the subbundle E is said to be an almost quaternionic structure on M and
(M,E) an almost quaternionic manifold [1]. Additionally, if we have a Riemannian
metric g on (M,E) such that
(2.12) g(RX,RY ) = g(X,Y )
for R ∈ {I, J,K} and X,Y ∈ Γ(TM), then we call (M,E, g) an almost quaternionic
Hermitian manifold [19]. The basis {I, J,K} satisfying (2.11) and (2.12) is called
a quaternionic Hermitian basis.
An almost quaternionic Hermitian manifold (M,E, gM ) is called a quaternionic
Ka¨hler manifold if the subbundle E is preserved by the Levi-Civita connection ∇
of the metric gM ([17, 19]).
If we have a global quaternionic Hermitian basis {I, J,K} of sections of E on M
such that R is parallel with respect to the Levi-Civita connection ∇ of the metric
g for any R ∈ {I, J,K}, then we call (M,E, g) a hyperka¨hler manifold, (I, J,K, g)
a hyperka¨hler structure on M , and g a hyperka¨hler metric [4].
Let (M,E, gM ) be an almost quaternionic Hermitian manifold and (N, gN ) a
Riemannian manifold. A Riemannian submersion F : (M,E, gM ) 7→ (N, gN ) is said
to be an almost h-slant submersion if given a point p ∈M with a neighborhood U ,
there exists a quaternionic Hermitian basis {I, J,K} of sections of E on U such that
given R ∈ {I, J,K}, the angle θR = θR(X) between RX and the space ker(F∗)q is
constant for nonzero X ∈ ker(F∗)q and q ∈ U [25].
We call such a basis {I, J,K} an almost h-slant basis.
Moreover, an almost h-slant submersion F : (M,E, gM ) 7→ (N, gN) is called an
h-slant submersion if θ = θI = θJ = θK [25].
We call such a basis {I, J,K} an h-slant basis and the angle θ an h-slant angle.
Throughout this paper, we will use the above notations.
3. Almost h-conformal slant submersions
In this section, we introduce the notions of h-conformal slant submersions and
almost h-conformal slant submersions from almost quaternionic Hermitian mani-
folds onto Riemannian manifolds. We will study the integrability of distributions
and the geometry of foliations. And we investigate the harmonicity of such maps
and the conditions for such maps to be totally geodesic.
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Definition 3.1. Let (N, gN ) be a Riemannian manifold and (M,E, gM ) an almost
quaternionic Hermitian manifold. Let F : (M,E, gM ) 7→ (N, gN ) be a horizontally
conformal submersion. We call the map F an almost h-conformal slant submersion
if given a point p ∈M with a neighborhood U , there exists a quaternionic Hermitian
basis {I, J,K} of sections of E on U such that given R ∈ {I, J,K}, the angle θR =
θR(X) between RX and the space ker(F∗)q is constant for nonzero X ∈ ker(F∗)q
and q ∈ U .
We call such a basis {I, J,K} an almost h-conformal slant basis and the angles
θI , θJ , θK slant angles.
Definition 3.2. Let (N, gN ) be a Riemannian manifold and (M,E, gM ) an almost
quaternionic Hermitian manifold. Let F : (M,E, gM ) 7→ (N, gN ) be an almost
h-conformal slant submersion. We call the map F an h-conformal slant submersion
if θ = θI = θJ = θK , where θI , θJ , θK are slant angles.
We call such a basis {I, J,K} an h-conformal slant basis and the angle θ h-slant
angle.
Let F be an almost h-conformal slant submersion from an almost quaternionic
Hermitian manifold (M,E, gM ) onto a Riemannian manifold (N, gN ). Given a point
p ∈M with a neighborhood U , we get an almost h-conformal slant basis {I, J,K}
of sections of E on U .
Then given V ∈ Γ(kerF∗) and R ∈ {I, J,K}, we have
(3.1) RV = φRV + ωRV,
where φRV ∈ Γ(kerF∗) and ωRV ∈ Γ((kerF∗)⊥).
Given X ∈ Γ((kerF∗)⊥) and R ∈ {I, J,K}, we write
(3.2) RX = BRX + CRX,
where BRX ∈ Γ(kerF∗) and CRX ∈ Γ((kerF∗)⊥).
Given R ∈ {I, J,K}, we obtain the orthogonal decomposition
(3.3) (kerF∗)
⊥ = ωR(kerF∗)⊕ µR.
We can easily check that µR is R-invariant for R ∈ {I, J,K}.
Furthermore, given V ∈ Γ(kerF∗), X ∈ Γ((kerF∗)⊥), and R ∈ {I, J,K}, from
R2 = −id, we get
(3.4) φ2RV +BRωRV = −V,
(3.5) ωRφRV + CRωRV = 0,
(3.6) φRBRX +BRCRX = 0,
(3.7) ωRBRX + C
2
RX = −X.
And we also have
RωRV = BRωRV + CRωRV = −V − φ2RV − ωRφRV
= − sin2 θRV − ωRφRV.
Then we easily obtain the following:
Lemma 3.3. Let (M, I, J,K, gM) be a hyperka¨hler manifold and (N, gN ) a Rie-
mannian manifold. Let F : (M, I, J,K, gM ) 7→ (N, gN ) be an almost h-conformal
slant submersion with (I, J,K) an almost h-conformal slant basis. Then we have
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(1)
∇̂V φRW + TV ωRW = φR∇̂VW +BRTVW
TV φRW +H∇V ωRW = CRTVW + ωR∇̂VW
for V,W ∈ Γ(kerF∗) and R ∈ {I, J,K}.
(2)
AXCRY + V∇XBRY = φRAXY +BRH∇XY
H∇XCRY +AXBRY = ωRAXY + CRH∇XY
for X,Y ∈ Γ((kerF∗)⊥) and R ∈ {I, J,K}.
(3)
AXωRV + V∇XφRV = BRAXV + φRV∇XV
H∇XωRV +AXφRV = CRAXV + ωRV∇XV
for V ∈ Γ(kerF∗), X ∈ Γ((kerF∗)⊥), and R ∈ {I, J,K}.
We define
(∇V φR)(W ) := ∇̂V φRW − φR∇̂VW
(∇V ωR)(W ) := H∇V ωRW − ωR∇̂VW
for V,W ∈ Γ(kerF∗) and R ∈ {I, J,K}.
By Lemma 3.3, we have
(3.8) (∇V φR)(W ) = BRTVW − TV ωRW
(3.9) (∇V ωR)(W ) = CRTVW − TV φRW
We call φR and ωR parallel if ∇φR = 0 and ∇ωR = 0, respectively.
Proposition 3.4. Let (M,E, gM ) be an almost quaternionic Hermitian manifold
and (N, gN ) a Riemannian manifold. Let F : (M,E, gM ) 7→ (N, gN ) be an almost
h-conformal slant submersion. Then we have
(3.10) φ2RV = − cos2 θRV
for V ∈ Γ(kerF∗) and R ∈ {I, J,K}, where (I, J,K) is an almost h-conformal slant
basis with the slant angles θI , θJ , θK.
Proof. If V = 0, then the result immediately follows.
Given a nonzero vector V ∈ ker(F∗)p, p ∈M , we obtain
cos θR = sup
W∈ker(F∗)p−{0}
gM (RV,W )
|RV | · |W | = supW∈ker(F∗)p−{0}
gM (φRV,W )
|V | · |W |
= sup
W∈ker(F∗)p−{0}
gM (φRV,
W
|W | )
|V | =
gM (φRV,
φRV
|φRV |
)
|V |
=
|φRV |
|V |
so that
cos2 θRgM (V, V ) = gM (φRV, φRV ) = gM (−φ2RV, V ).
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By polarization, we get
cos2 θRgM (V +W,V +W ) = gM (−φ2R(V +W ), V +W )
for W ∈ ker(F∗)p, which implies
cos2θRgM (V,W ) = gM (−φ2RV,W ).
Hence,
gM (φ
2
RV + cos
2θRV,W ) = 0,
it shows the result. 
Remark 3.5. Let F be an almost h-conformal slant submersion from an almost
quaternionic Hermitian manifold (M,E, gM ) onto a Riemannian manifold (N, gN ).
Then given an almost h-conformal slant basis (I, J,K) with the slant angles θI , θJ , θK ,
we easily have
(3.11) gM (φRV, φRW ) = cos
2 θRgM (V,W ),
(3.12) gM (ωRV, ωRW ) = sin
2 θRgM (V,W ),
for V,W ∈ Γ(kerF∗) and R ∈ {I, J,K}.
Lemma 3.6. Let (M, I, J,K, gM) be a hyperka¨hler manifold and (N, gN ) a Rie-
mannian manifold. Let F : (M, I, J,K, gM ) 7→ (N, gN ) be an almost h-conformal
slant submersion with (I, J,K) an almost h-conformal slant basis. Assume that ωR
is parallel for R ∈ {I, J,K}. Then we get
(3.13) TφRV φRV = − cos2 θRTV V
for V ∈ Γ(kerF∗).
Proof. Since ωR is parallel for R ∈ {I, J,K}, by (3.9), we have
(3.14) CRTVW = TV φRW
for V,W ∈ Γ(kerF∗).
Given V ∈ Γ(kerF∗) and X ∈ Γ((kerF∗)⊥), by using (3.14) and (2.9), we obtain
gM (X, TφRV φRV ) = gM (X,CRTφRV V ) = gM (X,CRTV φRV )
= gM (X, TV φ2RV ) = gM (X,− cos2 θRTV V ),
which implies the result. 
Theorem 3.7. Let (M, I, J,K, gM) be a hyperka¨hler manifold and (N, gN ) a Rie-
mannian manifold. Let F : (M, I, J,K, gM ) 7→ (N, gN ) be an almost h-conformal
slant submersion with (I, J,K) an almost h-conformal slant basis. Assume that ωR
is parallel with the slant angle 0 ≤ θR < pi2 for some R ∈ {I, J,K}. Then all the
fibers of the map F are minimal.
Proof. We may assume that ωI is parallel with the slant angle 0 ≤ θI < pi2 .
By (3.10), we can choose a local orthonormal frame {ei}2ni=1 of kerF∗ such that
e2i = sec θIφIe2i−1 for 1 ≤ i ≤ n.
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Then by (3.13), we have
2nH =
2n∑
i=1
Teiei
=
n∑
i=1
(Te2i−1e2i−1 + Tsec θIφIe2i−1 sec θIφIe2i−1)
=
n∑
i=1
(Te2i−1e2i−1 + sec2 θI · (− cos2 θI)Te2i−1e2i−1)
= 0.
Therefore, the result follows. 
Now, we study the integrability of distributions and the geometry of foliations.
Theorem 3.8. Let (M, I, J,K, gM) be a hyperka¨hler manifold and (N, gN ) a Rie-
mannian manifold. Let F : (M, I, J,K, gM ) 7→ (N, gN ) be an almost h-conformal
slant submersion with (I, J,K) an almost h-conformal slant basis. Then the follow-
ing conditions are equivalent:
(a) the distribution (kerF∗)
⊥ is integrable.
(b)
λ−2gN (∇FY F∗CIX −∇FXF∗CIY, F∗ωIV )
= gM (V∇XBIY +AXCIY − V∇Y BIX −AY CIX,φIV )
+ gM (AXBIY −AY BIX −X(lnλ)CIY + Y (lnλ)CIX − CIY (lnλ)X
+ CIX(lnλ)Y + 2gM (X,CIY )(∇ ln λ), ωIV )
for X,Y ∈ Γ((kerF∗)⊥) and V ∈ Γ(kerF∗).
(c)
λ−2gN(∇FY F∗CJX −∇FXF∗CJY, F∗ωJV )
= gM (V∇XBJY +AXCJY − V∇YBJX −AY CJX,φJV )
+ gM (AXBJY −AY BJX −X(lnλ)CJY + Y (lnλ)CJX − CJY (lnλ)X
+ CJX(lnλ)Y + 2gM (X,CJY )(∇ lnλ), ωJV )
for X,Y ∈ Γ((kerF∗)⊥) and V ∈ Γ(kerF∗).
(d)
λ−2gN(∇FY F∗CKX −∇FXF∗CKY, F∗ωKV )
= gM (V∇XBKY +AXCKY − V∇Y BKX −AY CKX,φKV )
+ gM (AXBKY −AYBKX −X(lnλ)CKY + Y (lnλ)CKX − CKY (lnλ)X
+ CKX(lnλ)Y + 2gM (X,CKY )(∇ ln λ), ωKV )
for X,Y ∈ Γ((kerF∗)⊥) and V ∈ Γ(kerF∗).
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Proof. Given X,Y ∈ Γ((kerF∗)⊥), V ∈ Γ(kerF∗), and R ∈ {I, J,K}, by using
(2.10), we get
gM ([X,Y ], V )
= gM (∇XRY −∇Y RX,RV )
= gM (V∇XBRY +AXCRY − V∇YBRX −AY CRX,φRV )
+ gM (AXBRY +H∇XCRY −AY BRX −H∇Y CRX,ωRV )
= gM (V∇XBRY +AXCRY − V∇YBRX −AY CRX,φRV )
+ gM (AXBRY −AYBRX,ωRV ) + λ−2gN(F∗∇XCRY − F∗∇Y CRX,F∗ωRV )
= gM (V∇XBRY +AXCRY − V∇YBRX −AY CRX,φRV )
+ gM (AXBRY −AYBRX,ωRV )
+ λ−2gN(−(∇F∗)(X,CRY ) +∇FXF∗CRY + (∇F∗)(Y,CRX)−∇FY F∗CRX,F∗ωRV )
= gM (V∇XBRY +AXCRY − V∇YBRX −AY CRX,φRV )
+ gM (AXBRY −AYBRX,ωRV ) + λ−2gN(∇FXF∗CRY −∇FY F∗CRX,F∗ωRV )
+ λ−2gN(−X(lnλ)F∗CRY − CRY (ln λ)F∗X + gM (X,CRY )F∗(∇ lnλ)
+ Y (lnλ)F∗CRX + CRX(lnλ)F∗Y − gM (Y,CRX)F∗(∇ lnλ), F∗ωRV )
= gM (V∇XBRY +AXCRY − V∇YBRX −AY CRX,φRV )
+ gM (AXBRY −AYBRX −X(lnλ)CRY + Y (ln λ)CRX − CRY (lnλ)X
+ CRX(lnλ)Y + 2gM (X,CRY )(∇ ln λ), ωRV )
+ λ−2gN(∇FXF∗CRY −∇FY F∗CRX,F∗ωRV ).
Hence, (a)⇔ (b), (a)⇔ (c), (a)⇔ (d).
Therefore, the result follows. 
We deal with the condition for an almost h-conformal slant submersion to be
horizontally homothetic.
Theorem 3.9. Let (M, I, J,K, gM) be a hyperka¨hler manifold and (N, gN ) a Rie-
mannian manifold. Let F : (M, I, J,K, gM ) 7→ (N, gN ) be an almost h-conformal
slant submersion with (I, J,K) an almost h-conformal slant basis. Assume that the
distribution (kerF∗)
⊥ is integrable. Then the following conditions are equivalent:
(a) the map F is horizontally homothetic.
(b)
λ−2gN(∇FY F∗CIX −∇FXF∗CIY, F∗ωIV )
= gM (V∇XBIY +AXCIY − V∇Y BIX −AY CIX,φIV )
+ gM (AXBIY −AYBIX,ωIV )
for X,Y ∈ Γ((kerF∗)⊥) and V ∈ Γ(kerF∗).
(c)
λ−2gN(∇FY F∗CJX −∇FXF∗CJY, F∗ωJV )
= gM (V∇XBJY +AXCJY − V∇Y BJX −AY CJX,φJV )
+ gM (AXBJY −AY BJX,ωJV )
for X,Y ∈ Γ((kerF∗)⊥) and V ∈ Γ(kerF∗).
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(d)
λ−2gN(∇FY F∗CKX −∇FXF∗CKY, F∗ωKV )
= gM (V∇XBKY +AXCKY − V∇Y BKX −AY CKX,φKV )
+ gM (AXBKY −AYBKX,ωKV )
for X,Y ∈ Γ((kerF∗)⊥) and V ∈ Γ(kerF∗).
Proof. Given X,Y ∈ Γ((kerF∗)⊥), V ∈ Γ(kerF∗), and R ∈ {I, J,K}, by the
assumption, we obtain
0 = gM ([X,Y ], V )(3.15)
= gM (V∇XBRY +AXCRY − V∇Y BRX −AY CRX,φRV )
+gM (AXBRY −AY BRX −X(lnλ)CRY + Y (ln λ)CRX − CRY (ln λ)X
+CRX(lnλ)Y + 2gM (X,CRY )(∇ ln λ), ωRV )
+λ−2gN (∇FXF∗CRY −∇FY F∗CRX,F∗ωRV ).
Using (3.15), we have (a)⇒ (b), (a)⇒ (c), (a)⇒ (d).
Conversely, from (3.15), we get
0 = gM (−X(lnλ)CRY + Y (ln λ)CRX − CRY (ln λ)X + CRX(lnλ)Y(3.16)
+2gM(X,CRY )(∇ lnλ), ωRV ).
If Y ∈ Γ(µR), then by using (3.16) and (3.3), we have
(3.17) 0 = gM (Y (lnλ)CRX −RY (lnλ)X + 2gM (X,RY )(∇ ln λ), ωRV ).
Applying X = RY at (3.17), we get
0 = gM (Y (ln λ)R
2Y −RY (lnλ)RY + 2gM(RY,RY )(∇ ln λ), ωRV )(3.18)
= 2gM(Y, Y )gM (∇ lnλ, ωRV ),
which implies
(3.19) gM (∇λ, ωRV ) = 0 for V ∈ Γ(kerF∗).
Applying X = ωRV at (3.17), we obtain
0 = gM (Y (lnλ)CRωRV − RY (lnλ)ωRV, ωRV )
= −RY (lnλ)gM (ωRV, ωRV ),
which means
(3.20) gM (∇λ, Z) = 0 for Z ∈ Γ(µR).
By (3.19) and (3.20), we have (b)⇒ (a), (c)⇒ (a), (d)⇒ (a).
Therefore, the result follows. 
Theorem 3.10. Let (M, I, J,K, gM ) be a hyperka¨hler manifold and (N, gN ) a Rie-
mannian manifold. Let F : (M, I, J,K, gM ) 7→ (N, gN ) be an almost h-conformal
slant submersion with (I, J,K) an almost h-conformal slant basis. Then the follow-
ing conditions are equivalent:
(a) the distribution (kerF∗)
⊥ defines a totally geodesic foliation on M .
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(b)
λ−2gN(∇FXF∗Y, F∗ωIφIV )− λ−2gN (∇FXF∗CIY, F∗ωIV )
= gM (AXBIY, ωIV )
+ gM (−X(lnλ)CIY − CIY (lnλ)X + gM (X,CIY )(∇ lnλ), ωIV )
− gM (−X(lnλ)Y − Y (lnλ)X + gM (X,Y )(∇ ln λ), ωIφIV )
for X,Y ∈ Γ((kerF∗)⊥) and V ∈ Γ(kerF∗).
(c)
λ−2gN (∇FXF∗Y, F∗ωJφJV )− λ−2gN (∇FXF∗CJY, F∗ωJV )
= gM (AXBJY, ωJV )
+ gM (−X(lnλ)CJY − CJY (lnλ)X + gM (X,CJY )(∇ ln λ), ωJV )
− gM (−X(lnλ)Y − Y (ln λ)X + gM (X,Y )(∇ lnλ), ωJφJV )
for X,Y ∈ Γ((kerF∗)⊥) and V ∈ Γ(kerF∗).
(d)
λ−2gN(∇FXF∗Y, F∗ωKφKV )− λ−2gN (∇FXF∗CKY, F∗ωKV )
= gM (AXBKY, ωKV )
+ gM (−X(lnλ)CKY − CKY (lnλ)X + gM (X,CKY )(∇ lnλ), ωKV )
− gM (−X(lnλ)Y − Y (lnλ)X + gM (X,Y )(∇ lnλ), ωKφKV )
for X,Y ∈ Γ((kerF∗)⊥) and V ∈ Γ(kerF∗).
Proof. Given X,Y ∈ Γ((kerF∗)⊥), V ∈ Γ(kerF∗), and R ∈ {I, J,K}, we obtain
gM (∇XY, V )
= gM (∇XRY,RV )
= gM (∇XRY, φRV + ωRV )
= cos2 θR · gM (∇XY, V )− gM (∇XY, ωRφRV ) + gM (AXBRY +H∇XCRY, ωRV )
so that
sin2 θR · gM (∇XY, V )
= −gM(∇XY, ωRφRV ) + gM (AXBRY, ωRV ) + λ−2gN(F∗∇XCRY, F∗ωRV )
= −gM(∇XY, ωRφRV ) + gM (AXBRY, ωRV )
+ λ−2gN(−(∇F∗)(X,CRY ) +∇FXF∗CRY, F∗ωRV )
= −gM(∇XY, ωRφRV ) + gM (AXBRY, ωRV ) + λ−2gN(∇FXF∗CRY, F∗ωRV )
+ λ−2gN(−X(lnλ)F∗CRY − CRY (lnλ)F∗X + gM (X,CRY )F∗(∇ ln λ), F∗ωRV )
= −gM(∇XY, ωRφRV ) + gM (AXBRY, ωRV ) + λ−2gN(∇FXF∗CRY, F∗ωRV )
+ gM (−X(lnλ)CRY − CRY (lnλ)X + gM (X,CRY )(∇ lnλ), ωRV ).
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But
gM (∇XY, ωRφRV )
= λ−2gN (F∗∇XY, F∗ωRφRV )
= λ−2gN (−(∇F∗)(X,Y ) +∇FXF∗Y, F∗ωRφRV )
= λ−2gN (−X(lnλ)F∗Y − Y (lnλ)F∗X + gM (X,Y )F∗(∇ lnλ)
+∇FXF∗Y, F∗ωRφRV )
= gM (−X(lnλ)Y − Y (lnλ)X + gM (X,Y )(∇ ln λ), ωRφRV )
+ λ−2gN(∇FXF∗Y, F∗ωRφRV ).
Hence, we get (a)⇔ (b), (a)⇔ (c), (a)⇔ (d).
Therefore, the result follows. 
Theorem 3.11. Let (M, I, J,K, gM ) be a hyperka¨hler manifold and (N, gN ) a Rie-
mannian manifold. Let F : (M, I, J,K, gM ) 7→ (N, gN ) be an almost h-conformal
slant submersion with (I, J,K) an almost h-conformal slant basis. Assume that the
distribution (kerF∗)
⊥ defines a totally geodesic foliation on M . Then the following
conditions are equivalent:
(a) the map F is horizontally homothetic.
(b)
λ−2gN(∇FXF∗Y, F∗ωIφIV )− λ−2gN (∇FXF∗CIY, F∗ωIV )
= gM (AXBIY, ωIV )
for X,Y ∈ Γ((kerF∗)⊥) and V ∈ Γ(kerF∗).
(c)
λ−2gN (∇FXF∗Y, F∗ωJφJV )− λ−2gN (∇FXF∗CJY, F∗ωJV )
= gM (AXBJY, ωJV )
for X,Y ∈ Γ((kerF∗)⊥) and V ∈ Γ(kerF∗).
(d)
λ−2gN (∇FXF∗Y, F∗ωKφKV )− λ−2gN (∇FXF∗CKY, F∗ωKV )
= gM (AXBKY, ωKV )
for X,Y ∈ Γ((kerF∗)⊥) and V ∈ Γ(kerF∗).
Proof. Given X,Y ∈ Γ((kerF∗)⊥), V ∈ Γ(kerF∗), and R ∈ {I, J,K}, by Theorem
3.10, we obtain
λ−2gN (∇FXF∗Y, F∗ωRφRV )− λ−2gN(∇FXF∗CRY, F∗ωRV )(3.21)
= gM (AXBRY, ωRV )
+gM (−X(lnλ)CRY − CRY (ln λ)X + gM (X,CRY )(∇ lnλ), ωRV )
−gM (−X(lnλ)Y − Y (lnλ)X + gM (X,Y )(∇ ln λ), ωRφRV ),
which implies (a)⇒ (b), (a)⇒ (c), (a)⇒ (d).
Conversely, from (3.21), we get
0 = gM (−X(lnλ)CRY − CRY (lnλ)X + gM (X,CRY )(∇ ln λ), ωRV )(3.22)
−gM (−X(lnλ)Y − Y (lnλ)X + gM (X,Y )(∇ ln λ), ωRφRV ).
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If Y ∈ Γ(µR), then from (3.22), we have
0 = gM (−RY (ln λ)X + gM (X,RY )(∇ lnλ), ωRV )(3.23)
−gM (−Y (lnλ)X + gM (X,Y )(∇ lnλ), ωRφRV ).
Applying X = RY at (3.23), we obtain
(3.24) 0 = gM (RX,RY )gM (∇ ln λ, ωRV ),
which implies
(3.25) gM (∇λ, ωRV ) = 0 for V ∈ Γ(kerF∗).
Applying X = ωRV at (3.23), by using (3.3) and (3.12), we get
0 = −gM (ωRV, ωRV ) · gM (RY,∇ lnλ) + gM (Y,∇ lnλ) · gM (ωRV, ωRφRV )(3.26)
= −gM (ωRV, ωRV ) · gM (RY,∇ lnλ),
which implies
(3.27) gM (∇λ, Z) = 0 for Z ∈ Γ(µR).
By (3.25) and (3.27), we have (b)⇒ (a), (c)⇒ (a), (d)⇒ (a).
Therefore, the result follows. 
Theorem 3.12. Let (M, I, J,K, gM ) be a hyperka¨hler manifold and (N, gN ) a Rie-
mannian manifold. Let F : (M, I, J,K, gM ) 7→ (N, gN ) be an almost h-conformal
slant submersion with (I, J,K) an almost h-conformal slant basis. Then the follow-
ing conditions are equivalent:
(a) the distribution kerF∗ defines a totally geodesic foliation on M .
(b)
gM (∇V ωIφIW,X) = gM (TV ωIW,BIX) + gM (H∇V ωIW,CIX)
for X ∈ Γ((kerF∗)⊥) and V,W ∈ Γ(kerF∗).
(c)
gM (∇V ωJφJW,X) = gM (TV ωJW,BJX) + gM (H∇V ωJW,CJX)
for X ∈ Γ((kerF∗)⊥) and V,W ∈ Γ(kerF∗).
(d)
gM (∇V ωKφKW,X) = gM (TV ωKW,BKX) + gM (H∇V ωKW,CKX)
for X ∈ Γ((kerF∗)⊥) and V,W ∈ Γ(kerF∗).
Proof. Given V,W ∈ Γ(kerF∗), X ∈ Γ((kerF∗)⊥), and R ∈ {I, J,K}, we have
gM (∇VW,X)
= gM (∇V RW,RX)
= gM (∇V (φRW + ωRW ), RX)
= −gM (∇V φ2RW +∇V ωRφRW,X) + gM (∇V ωRW,BRX + CRX)
= cos2 θRgM (∇VW,X)− gM (∇V ωRφRW,X)
+ gM (TV ωRW,BRX) + gM (H∇V ωRW,CRX)
so that
sin2 θRgM (∇VW,X) =− gM (∇V ωRφRW,X) + gM (TV ωRW,BRX)
+ gM (H∇V ωRW,CRX).
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Hence, we get (a)⇔ (b), (a)⇔ (c), (a)⇔ (d).
Therefore, we obtain the result. 
We recall the following:
Lemma 3.13. [7] Let (M, gM ) and (N, gN ) be Riemannian manifolds. Let F :
(M, gM ) 7→ (N, gN ) be a horizontally conformal submersion with dilation λ.
Then we have
(3.28) τ(F ) = −mF∗H + (2− n)F∗(∇ ln λ),
where τ(F ) and H denote the tension field of F and the mean curvature vector field
of kerF∗, respectively, m = dimkerF∗, n = dimN .
Using Lemma 3.13 and Theorem 3.7, we obtain
Corollary 3.14. Let (M, I, J,K, gM ) be a hyperka¨hler manifold and (N, gN) a Rie-
mannian manifold. Let F : (M, I, J,K, gM ) 7→ (N, gN ) be an almost h-conformal
slant submersion with (I, J,K) an almost h-conformal slant basis and dimN > 2.
Assume that ωR is parallel with the slant angle 0 ≤ θR < pi2 for some R ∈ {I, J,K}.
Then the following conditions are equivalent:
(a) the map F is harmonic.
(b) the map F is horizontally homothetic.
Corollary 3.15. Let (M, I, J,K, gM ) be a hyperka¨hler manifold and (N, gN) a Rie-
mannian manifold. Let F : (M, I, J,K, gM ) 7→ (N, gN ) be an almost h-conformal
slant submersion with (I, J,K) an almost h-conformal slant basis and dimN = 2.
Assume that ωR is parallel with the slant angle 0 ≤ θR < pi2 for some R ∈ {I, J,K}.
Then the map F is harmonic.
Definition 3.16. Let (M, I, J,K, gM) be a hyperka¨hler manifold and (N, gN )
a Riemannian manifold. Let F : (M, I, J,K, gM) 7→ (N, gN ) be an almost h-
conformal slant submersion with (I, J,K) an almost h-conformal slant basis. Then
given R ∈ {I, J,K}, we call the map F (ωR kerF∗, µR)-totally geodesic if it satisfies
(∇F∗)(ωRV,X) = 0 for V ∈ Γ(kerF∗) and X ∈ Γ(µR).
Theorem 3.17. Let (M, I, J,K, gM ) be a hyperka¨hler manifold and (N, gN ) a Rie-
mannian manifold. Let F : (M, I, J,K, gM ) 7→ (N, gN ) be an almost h-conformal
slant submersion with (I, J,K) an almost h-conformal slant basis. Then the follow-
ing conditions are equivalent:
(a) the map F is horizontally homothetic.
(b) the map F is (ωI kerF∗, µ
I)-totally geodesic.
(c) the map F is (ωJ kerF∗, µ
J)-totally geodesic.
(d) the map F is (ωK kerF∗, µ
K)-totally geodesic.
Proof. Given V ∈ Γ(kerF∗), X ∈ Γ(µR), and R ∈ {I, J,K}, by using (2.10), we
get
(∇F∗)(ωRV,X) = ωRV (lnλ)F∗X +X(lnλ)F∗ωRV − gM (ωRV,X)F∗(∇ ln λ)
= ωRV (lnλ)F∗X +X(lnλ)F∗ωRV.
Since gN(F∗X,F∗ωRV ) = λ
2gM (X,ωRV ) = 0, {F∗X,F∗ωRV } is linearly indepen-
dent for nonzero X,V .
Hence, we obtain (a)⇔ (b), (a)⇔ (c), (a)⇔ (d).
Therefore, the result follows. 
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Theorem 3.18. Let (M, I, J,K, gM ) be a hyperka¨hler manifold and (N, gN ) a Rie-
mannian manifold. Let F : (M, I, J,K, gM ) 7→ (N, gN ) be an almost h-conformal
slant submersion with (I, J,K) an almost h-conformal slant basis. Then the follow-
ing conditions are equivalent:
(a) the map F is a totally geodesic map.
(b) (i) CI(TV φIW + H∇V ωIW ) + ωI(∇̂V φIW + TV ωIW ) = 0, (ii) F is hori-
zontally homothetic, (iii) CI(AXφIV +H∇XωIV ) + ωI(V∇XφIV +AXωIV ) = 0
for V,W ∈ Γ(kerF∗) and X ∈ Γ((kerF∗)⊥).
(c) (i) CJ (TV φJW +H∇V ωJW ) + ωJ(∇̂V φJW + TV ωJW ) = 0, (ii) F is hori-
zontally homothetic, (iii) CJ(AXφJV +H∇XωJV )+ωJ(V∇XφJV +AXωJV ) = 0
for V,W ∈ Γ(kerF∗) and X ∈ Γ((kerF∗)⊥).
(d) (i) CK(TV φKW+H∇V ωKW )+ωK(∇̂V φKW+TV ωKW ) = 0, (ii) F is hori-
zontally homothetic, (iii) CK(AXφKV +H∇XωKV )+ωK(V∇XφKV +AXωKV ) =
0 for V,W ∈ Γ(kerF∗) and X ∈ Γ((kerF∗)⊥).
Proof. Given V,W ∈ Γ(kerF∗) and R ∈ {I, J,K}, we have
(∇F∗)(V,W )
= F∗(R∇VRW )
= F∗(R(∇V (φRW + ωRW )))
= F∗(R(TV φRW + ∇̂V φRW + TV ωRW +H∇V ωRW ))
= F∗(BRTV φRW + CRTV φRW + φR∇̂V φRW + ωR∇̂V φRW + φRTV ωRW
+ ωRTV ωRW +BRH∇V ωRW + CRH∇V ωRW )
= F∗(CRTV φRW + ωR∇̂V φRW + ωRTV ωRW + CRH∇V ωRW )
so that
(∇F∗)(V,W ) = 0(3.29)
⇔ CR(TV φRW +H∇V ωRW ) + ωR(∇̂V φRW + TV ωRW ) = 0.
We claim that F is horizontally homothetic if and only if (∇F∗)(X,Y ) = 0 for
X,Y ∈ Γ((kerF∗)⊥).
By (2.10), we get
(3.30) (∇F∗)(X,Y ) = X(lnλ)F∗Y + Y (lnλ)F∗X − gM (X,Y )F∗(∇ lnλ)
for X,Y ∈ Γ((kerF∗)⊥) so that the part from left to right is obtained.
Conversely, from (3.30), we have
(3.31) 0 = X(lnλ)F∗Y + Y (lnλ)F∗X − gM (X,Y )F∗(∇ lnλ).
Applying X = Y at (3.31), we obtain
(3.32) 0 = 2X(lnλ)F∗X − gM (X,X)F∗(∇ lnλ).
Taking the inner product with F∗X at (3.32), we get
0 = λ2gM (X,X)gM (X,∇ lnλ),
which implies the result.
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Given V ∈ Γ(kerF∗) and X ∈ Γ((kerF∗)⊥), we have
(∇F∗)(X,V )
= F∗(R∇XRV )
= F∗(R∇X(φRV + ωRV ))
= F∗(R(AXφRV + V∇XφRV +AXωRV +H∇XωRV ))
= F∗(CRAXφRV + ωRV∇XφRV + ωRAXωRV + CRH∇XωRV )
so that
(∇F∗)(X,V ) = 0(3.33)
⇔ CR(AXφRV +H∇XωRV ) + ωR(V∇XφRV +AXωRV ) = 0.
Hence, we obtain (a)⇔ (b), (a)⇔ (c), (a)⇔ (d).
Therefore, the result follows. 
We consider a decomposition theorem. Denote by MkerF∗ and M(kerF∗)⊥ the
integral manifolds of kerF∗ and (kerF∗)
⊥, respectively. Using Theorem 3.10 and
Theorem 3.12, we get
Theorem 3.19. Let (M, I, J,K, gM ) be a hyperka¨hler manifold and (N, gN ) a Rie-
mannian manifold. Let F : (M, I, J,K, gM ) 7→ (N, gN ) be an almost h-conformal
slant submersion with (I, J,K) an almost h-conformal slant basis. Then the follow-
ing conditions are equivalent:
(a) (M, gM ) is locally a Riemannian product manifold of the form M(kerF∗)⊥ ×
MkerF∗ .
(b)
λ−2gN(∇FXF∗Y, F∗ωIφIV )− λ−2gN (∇FXF∗CIY, F∗ωIV )
= gM (AXBIY, ωIV )
+ gM (−X(lnλ)CIY − CIY (lnλ)X + gM (X,CIY )(∇ lnλ), ωIV )
− gM (−X(lnλ)Y − Y (lnλ)X + gM (X,Y )(∇ ln λ), ωIφIV ),
gM (∇V ωIφIW,X) = gM (TV ωIW,BIX) + gM (H∇V ωIW,CIX)
for X,Y ∈ Γ((kerF∗)⊥) and V,W ∈ Γ(kerF∗).
(c)
λ−2gN (∇FXF∗Y, F∗ωJφJV )− λ−2gN (∇FXF∗CJY, F∗ωJV )
= gM (AXBJY, ωJV )
+ gM (−X(lnλ)CJY − CJY (lnλ)X + gM (X,CJY )(∇ ln λ), ωJV )
− gM (−X(lnλ)Y − Y (ln λ)X + gM (X,Y )(∇ lnλ), ωJφJV ),
gM (∇V ωJφJW,X) = gM (TV ωJW,BJX) + gM (H∇V ωJW,CJX)
for X,Y ∈ Γ((kerF∗)⊥) and V,W ∈ Γ(kerF∗).
(d)
λ−2gN(∇FXF∗Y, F∗ωKφKV )− λ−2gN (∇FXF∗CKY, F∗ωKV )
= gM (AXBKY, ωKV )
+ gM (−X(lnλ)CKY − CKY (lnλ)X + gM (X,CKY )(∇ lnλ), ωKV )
− gM (−X(lnλ)Y − Y (lnλ)X + gM (X,Y )(∇ lnλ), ωKφKV ),
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gM (∇V ωKφKW,X) = gM (TV ωKW,BKX) + gM (H∇V ωKW,CKX)
for X,Y ∈ Γ((kerF∗)⊥) and V,W ∈ Γ(kerF∗).
4. Examples
With coordinates (x1, x2, · · · , x4m) on the Euclidean space R4m , we choose the
following complex structures I, J,K on R4m:
I( ∂
∂x4k+1
) = ∂
∂x4k+2
, I( ∂
∂x4k+2
) = − ∂
∂x4k+1
, I( ∂
∂x4k+3
) = ∂
∂x4k+4
, I( ∂
∂x4k+4
) = − ∂
∂x4k+3
,
J( ∂
∂x4k+1
) = ∂
∂x4k+3
, J( ∂
∂x4k+2
) = − ∂
∂x4k+4
, J( ∂
∂x4k+3
) = − ∂
∂x4k+1
, J( ∂
∂x4k+4
) = ∂
∂x4k+2
,
K( ∂
∂x4k+1
) = ∂
∂x4k+4
,K( ∂
∂x4k+2
) = ∂
∂x4k+3
,K( ∂
∂x4k+3
) = − ∂
∂x4k+2
,K( ∂
∂x4k+4
) = − ∂
∂x4k+1
for k ∈ {0, 1, · · · ,m− 1}.
Then we can see that (I, J,K, g) is a hyperka¨hler structure on R4m, where g
stands for the Euclidean metric on R4m. Throughout this section, we will maintain
the same notational conventions.
Example 4.1. Let pi : TM 7→M be the natural projection, where (M,E, g) is an
almost quaternionic Hermitian manifold. Then the map pi is an h-conformal slant
submersion with the h-slant angle θ = 0 and dilation λ = 1 [19].
Example 4.2. Let (N, gN ) be a (4m − 1)-dimensional Riemannian manifold and
(M,E, gM ) a 4m-dimensional almost quaternionic Hermitian manifold . Let F :
(M,E, gM ) 7→ (N, gN ) be a horizontally conformal submersion with dilation λ,
where λ :M 7→ R is a smooth positive function. Then the map F is an h-conformal
slant submersion with the h-slant angle θ = pi2 and dilation λ.
Example 4.3. Let A ⊂ R4m and B ⊂ R4m−1 be open domains for a positive
integer m. Let F : A 7→ B be a horizontally conformal submersion with dilation λ,
where λ : A 7→ R is a smooth positive function. Then the map F is an h-conformal
slant submersion with the h-slant angle θ = pi2 and dilation λ.
Example 4.4. Let (M1, E1, gM1) and (M2, E2, gM2) be almost quaternionic Her-
mitian manifold with dimM1 = 4n and dimM2 = 4m for positive integers n and m.
And let (N1, g
′
1) and (N2, g
′
2) be Riemannian manifold with dimN1 = 4n − 1 and
dimN2 = 4m − 1. Let Fi : (Mi, Ei, gMi) 7→ (Ni, g′i) be a Riemannian submersion
for i ∈ {1, 2}. Consider the map F :M1 ×M2 7→ N1 ×N2 given by
F (x, y) = λ(F1(x), F2(y)) for x ∈M1 and y ∈M2.
Then the map F is an h-conformal slant submersion with the h-slant angle θ = pi2
and dilation λ.
Example 4.5. We define a map F : R4 7→ R2 by
F (x1, · · · , x4) = e2(x4, x3).
Then the map F is an almost h-conformal slant submersion with the slant angles
{θI = 0, θJ = pi2 , θK = pi2 } and dilation λ = e2.
Example 4.6. We define a map F : R8 7→ R4 by
F (x1, · · · , x8) = e4(x1 − x4√
2
,
x5 − x8√
2
, x7, x2).
Then the map F is an almost h-conformal slant submersion with the slant angles
{θI = pi4 , θJ = pi4 , θK = pi2 } and dilation λ = e4.
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Example 4.7. We define a map F : R4 7→ R2 by
F (x1, · · · , x4) = e5(x1 cosα− x3 sinα, x2 sinβ − x4 cosβ).
Then the map F is an almost h-conformal slant submersion with the slant angles
{θI , θJ = pi2 , θK} and dilation λ = e5 such that cos θI = | sin(α + β)| and cos θK =
| cos(α+ β)|.
Example 4.8. We define a map F : R4 7→ R2 by
F (x1, · · · , x4) = e7(x1,
√
3
2
x2 − 1
2
x4).
Then the map F is an almost h-conformal slant submersion with the slant angles
{θI = pi6 , θJ = pi2 , θK = pi3 } and dilation λ = e7.
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